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Nonlocal Stochastic Quantization of
Scalar Electrodynamics

M. Dineykhan' and Kh. Namsrai'?

Received November 3, 1989

Quantization of the electromagnetic interactions of scalar charged particles is
considered within the stochastic Langevin and Schwinger-Dyson equations with
noniocal white noise. Fulfillment of the gauge-invariant condition in such a
scheme is studied in detail. Matrix elements of the vacuum polarization and
self-energy diagrams of the scalar electrodynamics are calculated explicitly,
which reduce to usual nonlocal scalar electrodynamic results.

1. INTRODUCTION

Within the framework of stochastic quantization (Parisi and Wu, 1981),
methods of nonequilibrium statistical mechanics have been used to study
different theoretical field models (for example, see Migdal, 1986). This
alternative method of quantization of physical systems to the usual Hamil-
tonian, path integral, and action formulations has given birth to a number
of new ideas and to the understanding of many problems of field theory.
In particular, these developments include Zwanziger’s gauge fixing (Zwan-
ziger, 1981; Floratos et al., 1984), large-N quenching and large-N master
fields (Alfaro and Sakita, 1983; Greensite and Halpern, 1983), stochastic
stabilization (Greensite and Halpern, 1984), stochastic regularization (Bern
etal,1987a,b; Niemi and Wijewardhana, 1982), and numerical applications
of the Langevin equation in lattice gauge theory (Hamber and Heller, 1984;
Batrouni et al., 1985). Moreover, the stochastic scheme of construction of
quantum field theory may be technically superior and useful for the quantiz-
ation of gravity (Halpern, 1987; Chan and Halpern, 1987) and for nonper-
turbative analysis (Doering, 1985).
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In a previous paper (Dineykhan and Namsrai, 1988) we studied the
regularization problem of the Langevin and Schwinger-Dyson equations
within nonlocal quantum field theory (Efimov, 1977, 1985).

The basic idea of our prescription consisted in considering, instead of
the usual differential equations of the stochastic theory, their modified
versions with nonlocal white noise

(X, )= Nnontoc(X, 1) = f (dy)K(x—yIn(y, 1), (dy)=d*y (1)

Here K(x)=K(*)§“(x) is a nonlocal generalized function (Efimov,
1977, 1985), and t and I are parameters of the theory we call the “fifth
time” and the fundamental length, respectively. The local white noise in
(1) satisfies the condition

(n(x, Oy, ), =28“(x~y)s(t—1)

The nonlocal white noise (1) plays a double role in the stochastic
quantization method; it controls the quantum behavior of a physical system
and at the same time it carries nonlocality in stochastic equations, i.e., it
makes the theory finite in each order of the perturbation series of the
coupling constant. This method was applied to the investigation of scalar
and gauge fields and also to the calculation of photon and gluon masses,
which turn out to be zero (Dineykhan and Namsrai, 1988). The present
paper continues our previous work and is devoted to the construction of
gauge-invariant finite scalar electrodynamics by means of a stochastic quan-
tization scheme with the nonlocal white noise (1), and an outline of which
is as follows. In Section 2 it is shown that in our approach the gauge-invariant
condition is fulfilled and in calculations of gauge-invariant quantities a
dependence on a gauge-fixing parameter does not appear. Further, we
construct the electromagnetic interaction of scalar particles in the Schwin-
ger-Dyson formalism. Sections 4 and 5 are devoted to the calculation of
the vacuum polarization and the self-energy diagrams for scalar particles.

2, THE LANGEVIN EQUATION IN GAUGE THEORIES AND
GAUGE-FIXING PROCEDURE

The basic equations of the stochastic quantization (Parisi and Wu,
1981; Bern et al., 1987a) are the Langevin and Schwinger-Dyson equations.
These define the behavior of field functions and their dependence on the
white noise. In particular, the Langevin equation for a gauge field A/ (x, t)
takes the form

3AL(x, 1) &S

ot SAL

+Di’A" +J (dy) K (8)n (3, 1) (2)
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where
1 a
S=-, f (dx)FL () FLu(x)
is the standard form of the gauge field action and F},(x) is the stress tensor
of the Yang-Mills field:
Fi(x)=08,A0—0,A;+gf ™ AL (x)Aj(x)

The second term on the right-hand side of (2) is called the Zwanziger (1981)
term, which determines the gauge fixing and has the form

1
D::LbAb =

" [6°°3, —gf " AL(x)]3, AL(x)

where o is the gauge-fixing parameter. In our case, the white noise is
distributed by means of the nonlocal generalized function K2(0J), the
Fourier transform of which is an entire analytic function of the variable
x=p*l’ with a finite order of growth 0> p=1/2 and decreases rapidly
enough when z - oo [for details see Efimov (1977)]. For equation (2) the
nonlocal distribution K2(A) is a function of the covariant Laplacian

AL = J (dz2)D;(2)8% (2~ x) D (2)8“(z~y) (3)

where
(dz)=d%z
D (x) =83, +gf " AL (x)

and d is the dimension of space-time. This definition generalizes the usual
Laplacian [1,,,

O, =f (d2)95.8% (x - 2)93,6% (2 )

From (3) it is easily seen that
K5(8)=K3(d)

In the weak coupling limit the nonlocal distribution K;‘Z'y’(A) may be
decomposed by a power of the coupling constant g:

K3(A)=Kg(D)+3g[KVO)T,H(O)+ HO)T,KY(O)12
+3g’ [ K@) H(O) + HO)LK V()%
+3g’[K®(O)T H(O)T H(D)
+H(O)NK®O) HO)+ HO)T,HO)CLKD@))2E  (4)
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Here the Fourier transforms of generalized functions K ‘”({J) are given by
[for details, see Dineykhan and Namsrai (1988)]

—B—ioo
kot =t [T a2 ey 0<pey)

—B-Hoo

2 1 B—ico
K?(p 12>=5;f S:”(f) ge-1)(p*P)

B+ico

and for the operator H, (1) = ([00°) '8 (x — y) we have
H.(0O)= ‘J (dp) e "> H(p’F)
H(p’P)=p~I?
The vertex functions I', and I', in (4) are given by
TS =Pf[AL(x)3, +9,A5(x)]8“(x - y)

(T2 = Pf*"f ™ AL () AZ ()8 (x ~ )

It should be noted that equation (2) is invariant under the following
local gauge transformations:

AZ(x, - Q"b(x)Aﬁ(x, t)
na(x, 1) > Q% (x)np(x, 1) (5)
K2(A)»> 0% (x)Q% (y) KL (A)

where Q°°(x)< SO(N?—1) is an adjoint representation of SU(N).

As shown by Bern et al. (1987a), from the Langevin equation (2)
without the Zwanziger term one can easily obtain the Schwinger-Dyson
equation. After some standard calculations (Dineykhan and Namsrai, 1988)
from equation (2) we have

dF[A]

S~ =-LF[A]

where
3K 2 (A)

= [ @ ] @eran| x50 BES

y __ 88 5
+ K5 (A)K22(A) SAL(y )] 6AZ(X)} SAL(x) ©
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and F[A] is a gauge-invariant functional satisfying the condition
G*(x)F[A]=0

for the generator of the gauge transformation:

G*(x) =-D;’(x) (7

6Aﬁ(x)
for which the commutation relation is defined as
[G*(x), G*(»)]=gf 8" (x— y)G*(x)
Now we show that the following gauge condition for L is fulfilled:
[G*(x), L1=0 (8a)
In our case, according to Efimov (1977), the generalized function K i;’(A)

may be represented in the form

a = Cn nya
Ky(a)= Eomm >

The space-time properties of K% (A) are defined by a concrete form
of the coefficients C, [generally, they are complex quantities; for details,
see Efimov (1977)]. The product of generalized functions K,,(OJ) may be
understood as a contraction operation only. For example,

K(O)= f (dz)K..(O)K.,(0D)
or
0% = f (d2)0.0,,
so that
(A")Z§=J (dz,) - -~ J‘ (dz, )AAZZ -+ A1)

Using the explicit form of (3) and carrying out integrations over (dz;), we
have
(A5 =A%1A% - - AT 8D (x — p) = (A2)**6 D (x — y)
where
AP = D (x) D (x)

Thus, the distribution of the white noise is written as
®
K2(A)=Y —— (AN (x~
N&) = T o (AD®6 (x—y) ©)
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Let us consider the particular case when n =0, i.e.,
Kab 6“b6(d)(x y)

Then from (6) we have

é Ay d
"°=‘J ("”‘)[aAz(xfaAﬁ(x)] 5A%(x)

Taking into account the equality

S
8A(x)

= =D (x)F.(x)

and (6), and after some simplifications, we get for [G%(x), L,]

[6*, 121= [ @n{ D ZE D ) 22

8Fo(y) &
8AL(x) 8AL(y)

8D*(y) 8
BAL(y) 8AL(x)

8D¥(x) 8 5 }
8AL(y) BAL(y) SAL(x)

Further, we use the functional differential form
8D, (y)/ 8AL(x) = gf""8,,8')(x - y)

and carry out simple calculations for each term in (8b). The result is
8DL"(y) .
(dy) [D“b(X)— b Fo(x)
J “TeAL(x) T BAY ( )

8DP(x) & ]
SAL(y) 8AL(x)

+ D" (x) Dy ()

—DI"MFL() oy

(8b)

= D" (»)Fo(y)

. __fncmemab 2 c ]
=S ALK Foulx) 5

D (x) J (dy) D" (y)8F,.()/ 8AL(x)1[8/8AL(¥)]

_gfncmfmajA“(x)F V(x) 8A ( )
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and
8D(x) & B 8’
d fod = anm — —
J () 5amy) 8410 6AL0) & BALMBAL)
Taking the sum of all these terms, it is easily seen that
62
a — anm =0

Now let us consider the case when g =0. From (4) and (9) it follows that

ab _ v _Gn @)y )5
KS(O)= 3 oo D)
In this approximation the expression (6) acquires the form
8 88 )
—— cb Kba _ ]

After some analogous calculations carried out above for the commutator
[G®(x), Lo, we get
2

SA;(y)8A(x)
If we take into account the following identity for K(OI) (Efimov, 1977),

[G%(x), L,]= H (dy)(dz)K 2 (DK (O)f

J (d2)KZ(O)K (D) =L a5 (x —y)8™

then we see immediately that
52

AL (x)AL(x)

[G*(x), Li] = aCVf**
J
where a; = ¢;/(2j) .

Let us consider the general case, when the nonlocal white noise is
defined by the distribution (9). From the decomposition (4) it is seen that
we have already shown the fulfillment of the gauge-invariant condition (8)
for some of its components. By an analogous procedure as followed above
for two particular cases, one can verify that this condition is also satisfied.
However, the intermediate expressions are very long and cumbersome, and
therefore we do not give their explicit form as in the previous cases.

As mentioned by Migdal (1986), in the stochastic quantization scheme
terms growing over ¢ are mutually canceled in each order of the perturbation
series for any gauge-invariant quantities and therefore in the Langevin
equation of the gauge theory one does not need to introduce gauge-fixing
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terms. It is also possible (Zwanziger, 1981) to transform the Langevin
equation in order to make these terms vanish, i.e., if the condition (8) is
fulfilled, then at the end of the calculations of gauge-invariant quantities
the dependence on the parameter « falls out. In this way, any fields of the
type of ghosts are not needed.

In the stochastic quantization scheme with nonlocal white noise the
gauge-invariant condition (8) is also fulfilled, and therefore calculation of
any gauge-invariant quantities for this nonlocal theory does not require the
introduction of intermediate ghost fields.

In the next sections we show that gauge-invariant quantities do not
depend on the gauge-fixing parameter. To do this, we consider electromag-
netic interaction of charged scalar particles within the stochastic quantiz-
ation with nonlocal white noise.

3. THE SCHWINGER-DYSON FORMALISM AND
ELECTROMAGNETIC INTERACTION OF
SCALAR PARTICLES

The Langevin equations for electromagnetic field A, (x, t) and charged
scalar particle fields ¢(x, t) and ¢*(x, ) are written as follows:

dA.(x,1) __ 68
dt oA, (x5 )+3.A0, t)+J (dy) Ksy ()7, (3, 1) (10a)
do(x, t) 55; (x, )+ iee(x, t)A(x, t)+J (dy) Ky (A7, (3, 1) (10b)
dt 8¢
dgo*;x, 1) _ _é‘-g-(x, £) — ie@™(x, )A(x, t)+J (dy) Ky (A¥)n* (3, 1) (10¢)
t 8¢

where S is the usual action of electromagnetic interaction of the scalar
charged particle:

§= J (dx){FF, (X) F(x) +(3, — ieA, )o|*+ m*| o[’}

and F,,(x) is the stress tensor of the electromagnetic field
F(x)=0,A,(x)=08,A,(x)

'The second term on the right-hand side of (10a) and (10c) depends on the
Zwanziger gauge-fixing procedure (Zwanziger, 1981) and is defined as

A(x, 1) =?'1:8#AH(x)
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Local white noises 1, (x, t) and n(x, t), n*(x, t) of the electromagnetic and
charged scalar fields in equations (10a)-(10c) satisfy the usual relations

(u(x, )3y 1)), =28,,8(t~ )8 (x —y)
(n*(x, )y, )y, =28(t— 118 (x~y)
(n(x, )n(y, 1)), ={n*(x, On*(, 1)), =0

The corresponding distributions K, (03) amd K, (A), K, (A*) are general-
ized functions, the Fourier transforms of which are entire analytic functions
of the variable z = p°I°. These functions are usually called form factors of
the theory. In equations (10a)-(10c) we have used the following notation,
as in (3):

Axy:'[ (d2) D, (2)8(x = 2) D, (2)8'V(z ~ y)

A%, = J (dz)D¥(2)8% (x — 2) D¥(2)8'V(z—y)

where
D, (x)=9,—ieA,(x)
Di(x)=9, +ieA,(x)

The Langevin equations (10a)-(10c) are invariant under the gauge transfor-
mations

A~ A, +o,f(x 1)
ief

e g
N> M, + K (D)o, f
n->e Iy

for any functions f(x, t) and K ~'(0) is the inverse operator of K((J).

According to (10a)-(10c) and after some simple functional transforma-
tions [for details, see Dineykhan and Namsrai (1988)] the Schwinger-Dyson
equation for electromagnetic and charged scalar fields may be easily
obtained. Thus, for the vector field we have

<J (dx)[_aiS,L

+ J J (dy)(dz)ny(D)Kw(D)WS(z‘i

+9,A

] SF[A]

SAM(x)>=O (11a)
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and for a scalar field

(]

5F[¢]>_
+“' (dy)(dz)K,,(A)K, (A) 50" (2 )} 50 () =0 (11b)
and
<J (dx)[—ég—iego*A
d¢
* % 5F[¢]>
”(dy)(dz)ny(A) K,.(A )3¢*(Z)] 50" (%) 0 (llc)

Here F[A] and F[¢] are gauge-invariant functionals. By using equations
(11a)-(11c), we will calculate correlation functions for electromagnetic and
scalar fields. From the Schwinger-Dyson equations (11a)-(11c) it is easily
seen that correlation functions for the A,, ¢, and ¢™* fields are expressed
through contraction between generalized functions which may be represen-
ted in the form

[KL(O)]*= J-(dZ)sz(D)sz(D)

[K&(8)] = J(dZ)sz(A)sz(A)

Efimov (1977) shows that the contraction operation of entire analytic func-
tions also give entire analytic ones. Further, we use momentum space, in
which the Fourier transform of the generalized functions K ?y(lj) is written
as (Efimov, 1977)

KA(pP % 22yn
KAPP)= 3 o ()

where | has the dimension of length; we call it the fundamental length,
which characterizes the scale of nonlocal interactions. In concrete calcula-
tions the Mellin representation

1 —B i )

LT M ory 0sp=1 )
2iJ_ptic sinmé

is usually used for K*(p*I?). As in the case (4), for the form factor of a
scalar particle we carry out the following decomposition:

K$,(A)= K& () +3e[ KO TH(D) + HO) K ()], +

KA(p’P)=
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over powers of the coupling constant e. The corresponding vertices are
given by

(T%)yy =—ilP[A,(x)3, +3,A,(x)]6D(x—y)
(T, =—F[A,(x)A,(x)16'(x~y)

Next, we restrict ourselves to order e® and pass to the momentum representa-
tion. In this approximation from the decomposition of K$,(A) and (4) one
can easily see that K%,(A) is expressed through the functions K£,(C),
K2(0), KgP(0), and K£P(0)). The correspondmg Fourier transforms
are denoted by V(p*l%), V(”(pzlz), V®(p?1?), and V¥ (p?I) (see Figure
2), for which the Mellin representations are valid:

v =g [ ae g (13a)
vy g | e iy (130)
vy =g [ LD (130

Vo =g [ gt OREDED ey (13

In this paper, we do not consider the explicit form of the entire analytic
functions VW(p*I?) (i=1,2,3), and therefore the concrete form of the
dependence of v(§) on the parameter £ is not important. We only use the
following properties:

v{0) =1, p'(0)=lim sv(£)/3¢&,  limw(£)=0
£-0, ¢--1

(14)

For the passage from x space to p space in equations (11a)-(11e) we
need calculations of the expressions 85/8A,, 65/8¢, and 8S/8¢*. Taking
into account the explicit form of S, the electromagnetic interaction action
of charged particles, and after some simplifications, we have

as .
A, (x) F,,(x)—iepo,o* +iep*s, o +2e°A,|p|? (15a)
o5 5 . . *‘ Y IRY
o(x) m =) e*—ied, (A,0*) —ieA,d, 0"t e°AL(p)* (15b)
as

50" (%) =(m’*-O)e+ ied, (A.p)+ieA,d, 0+ ezAf(p (15¢)
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With the expression (15a) the equation (11a) for the electromagnetic field
takes the form, in the momentum representation,

<J (dp) [*(%pz—pym +£pypu)Au(p)

+e J- (dp)(2p,+p)e™(p)e(p+p)

—2¢* JJ (dp)(dp>) A, (p)e(p—pi+p2)e*(p2)

u 2a 5 ] BFLA]\
tK (p’)aAy(p)}sAu(p>>_° (16)

where the notation (dp) = d“p(27) ™ has been used. If the explicit form of
the gauge-invariant functional F[ A]is known, then from.(16) we can define
first, second, third terms, etc., for any order of the correlation function of
the electromagnetic field. In particular, if F[A]= A, (q,), then taking into
account the identity

6,;,11 = (6Vp _PuPp/P2+ anPp/PZ)[Bpu _pppu|p2+ (l/a)P;LPp/PZ] (17)

we have

<Au|(q1)> = ‘qu(su,;‘ - qlulqu-ql_2+ aq;quv|qlu)

X [e J (dpl)(2p1+q1)u<¢(pl+q1)¢*(]71)>+232 J‘J’ (dp,)(dp,)

X<AP(P1)¢*(P2)¢(‘I1—P1+P2)>] (18)

Let F[A]= A, (q:)A.,(q,). Then, making use of (17) and integrating
over (dp) from (16) it follows that

(A, (q1)A,,(g2))
=[26,,,,~ (4701, @20, 45 420, 920,)(1 — )18 V(g1 + q2)

x K*(g31%) Q35— eQf J (dp1) [(2171 + 4180 = 471,01, (1 — )]
X <Au2(‘12)€9(171 +a)e*(p )+ (2p+ ‘I2);L[5uw - ‘12.2‘]2#112»2(1 —a)]

X (A, (q))e(q+p)e*(p1))—2°Q5 JJ (dp.){(dp)
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X [Bvlu - qu.qlvlql_z(l - a)]<Au(pl)Av2(q2)(P(q1 _pl +P2)€D*(P2)>
18,0 — 427920920, (1 — ) KA (P AL (9) (32— By +p2)<p*(pz)>] (19)

where Q3= (g7+¢3)7".

In the same manner, one can calculate three- and four-point correlation
functions for the photon field. In the next section we show that a gauge-
invariant quantity such as the photon polarization operator does not depend
on the parameter «, terms depending on which mutually cancel. Therefore,
it is convenient to the three- and four-point correlation functions of the
photon for a concrete choice of the parameter o, namely a = 1. Thus, for
the three-point photon correlation function we have

<Au1(q1)Au2(¢12)Au3(Q3)>
=2Q;[K*(q31%)8,,,,A,,(4:) 6 (g, + g5) + cyclic perm {g;}]

—eQ; J' (dpl)[(2P1+Q1)V,<€D(P1+111)‘P*(P1)Auz(‘b)
X A,,(g5)) +cyclic perm {g;}]
—29203 JJ (dPx)(dpz)KSD*(Pz)SD(‘h_Pl +p>)

X Ayl(Pl)Auz(Q2)Au3(‘I3)> +cyclic perm {g;}] (20)
and for the fourth-point correlation function

(AL (g1)A,(92)A,,(q5) A, (94))
=2Q[{K"*(qi1)8%(q:+ q.)8,,.,
X <Ap3(‘I3)Au4(CI4)>+ cyclic perm {g;}]

—eQ4J (dp)[(2p;+ q1)s,

x{o(p:+ Q1)‘P*(Pl)Auz(‘IZ)AV3(‘13)AV4(‘I4))
+cyclic perm {g;}]1-2¢’Q,

X JJ (dp)(dp2)[{e™(p2)e(q,—pi+p2)

X A, (p1)A.(4:)A,(g3) A, (g4)) + cyclic perm {g;}} (21)
where
Q:=(gi+g5+q3) ",  Qi=(qi+qg>+qi+qd)”’
and
5'V(p)=2m)%“(p)
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Expressions (20) and (21) correspond to the correlation functions of the
photon field, defined by the Schwinger-Dyson formalism. Now we consider
correlation functions for scalar charged particles within this formalism. To
calculate the two-point correlation function for a charged scalar particle,
we pass to the momentum representation for equations (11b) and (11c) and
choose Fle]=o¢(q,)¢*(g.). After an analogous procedure as followed

above for the photon field, we get

(99(‘]1)47*(‘12)) = ZQZV(qfl"-)a_"(ql + QZ) +eP+ePH
1

+— eN — ¢?PP — ¢*PPH — ¢’ PHH
[23

+ > PPHH + ¢’ PHHH

where Q,=(2m>+qi+¢3)""; and
P=Q f (dp)[(p1+ 1) ,.{Au(g1 =P (P9 ™(42))
+(g21 1) (A (P = @)™ (p1) @ (9:1))]
PH=1"Q, ”J' (dp)(dp,)(dp,)(2p,+ p2)..

X{(A, (p)H(p*P) VO (piP[§*(p—aq1)
X g(d)(Pl —g,)+ g(d)(P - ‘h)g(d)(Pl - ‘h)]g(d)(P —p1~P>)

r

N=Q, | (dp)l(p1+q).(Au(gi=p)e(p)e*(q2))

v

- (Q2+P1)p<Au(P1 —g)e(q)e*(p)]

P

PP=Q, (dp,)(dp.)[{A.(P2)A. (g1 P -p2)e(p)e*(q)

o

+{A, ()AL (g —pi—p)e(q)e*(p )]

PPH =12Q, jj(dpl)(dpz)(dps)(dp)

x5 p—p,—p.—ps) H(p*P) VI (p3P)
X (A, (P A (P (p— )8 (ps—q2)
+8%p—:)8(ps—q1)]

(22)

(23a)

(23b)

(23¢)

(23d)

(23¢)
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4 — —
PHH = 1402 J (dp) 11 (de)S(d)(P —D: ‘Pz)a(d)
j=1

X(p2—p3—PaXAL(P1)AL(P))(2P2+ 1) (2P4t P3)
x[8(p—4)86% (ps—q.) + 5V (p—9:)8 (ps— g) i

x V(P PYH(p3P)H(pil) + H(p*P) VO (p3) H(pil)
+H(p*PYH(pil) VP (pi?)] (23f)

PPHH =1*Q, I (dp) I:[1 (dp;)

x 8“(p—p1—p2—p:)8“(ps—ps~ps)

X (2Ps5+ Pa) u({Au(P) AL (P2) A (1))
+[8(p—41)8(ps—42)8(p — 4208 (ps— a1)]

X VO pYH(p3PYH (p*P)+ H(p3P) VP (piPYH(p*F)
+H(piP)H(p3?) VP (p* )] (23g)

6 —_— —
PHHH = lGQzJ- (dp) _Hl (de)a(d)(P‘M —Pz)s(d)(Pl_P3‘P4)
=

X 8V ps—ps—Pe)(2p1+ P2,

X (2p3+ Pa) 1, (2P5 + Pe) (A (P2) Ay (Pa)

X A (NS (p—q1)8'(ps~ )+ 5V (p— g2)8' (ps—q1)]

X3 H(p*PYH(pi P)LH (p3il?) VO (p3P) + H(p3l) VO (p317)]
+H(piPYH(piP) H(p* ) VO (pil?)

+H(piPYVO(p*P)1} (23h)

In these equations we have restricted ourselves to quantities of the order
of e*. The four-point function is calculated in an analogous manner. The
result reads

(p(g1)9™(a2)0(gq3) 0™ (qa))
= Q4(2M +eR+eRH +é eRA—e’RR — ¢’RRH ~ eZRHH> (24)
Here the following notations have been introduced:
Qi=(4m’*+qi+q3+tq3+qd)™"
M =[V(4i")8'(q:— g:){¢(45) #*(g4) + cyclic perm {g;}]
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R= J (dp)[(q1+P2) (AL (g1 =P e (P o™ (g2)0(g3) e *(g4))

@2+ p) (AL (P~ 4)e(q)e™ () e(g:) 9™(qa))
+cyclic perm {g;}] (25a)

RH=J (dp)(dp,)(dp;)(2p,+p>),.

x8'D(p—p,—p)H(p°P) VI (piP)
X [(‘S_(d)(Pl - Q1)5(d)(P - qz) + 5(d)(P1 - ‘b)gd(P -q))
X (A, (p2)e(q3)9™(q4)) +cyclic perm {g;}] (25b)

RA=J (dp)l(g1+ p1)u(Au(qi—PDe(P) o™ (92) 0 (43) 0™ (q4))

—(P1+ @) (Au(P1— @) e (q)e*(p)e(g3) ¢ *(g4))
+ cyclic perm {q,}] (25¢)

RR = J (dpl)(dpz)[<Au(P2)Au(‘h iy 4 _Pz)‘P(Pl)QO*(‘Iz)SO(qs)SO*(‘h»

+(AL(P)AL(P1— G2~ p)e(g)e*(p)e(a:) 0™ (q4))
+cyclic perm {g;}] (25d)

RRH = lzj (dp)(dp,) - - - (dps)6(p—pi—po—px) H(p* ) VO p31%)

x[(8(p—g1)8" " (ps—q) +5'V(p—g.)8'“(ps— 1))
X (A, (p1)A,.(p2)e(a3)e™(q4))+cyclic perm {g;}] (25e)

4 —
RHH =1*| (dp) II (dp,)6“(p—p1—p>)
j=1

X8 pa=p3=p)2p2t P,

X (2ps+ p3) sl VP (p*P)H(p3P)H (pil®)
+H(p*P)VP(p3P)H(pil)

x H(p’P)H(p3I*) VP (pilP)]

X[(8“(p=q0)8" (pa=q2)+ 8 (p~q2)

X 8 (pa—qui){ A, (P)A,L(P2)e(g3)0*(qa))

+ cyclic perm {g;}] (25f)
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Here we have restricted ourselves to order e, which is sufficient for further
concrete calculations. In (25a)-(25f) cyclic permitation over (g;) is under-
stood as ¢, <> q; and ¢,<> q,.

4. THE VACUUM POLARIZATION DIAGRAM

Now we consider concrete processes within the Schwinger-Dyson
formalism. First, we calculate the process with two external photon lines.
In our scheme the vacuum polarization is given by the two-point correlation
function of the photon which is represented in (19). Let us consider each
term in (19) separately. The first term in (19), i.e., for e =0, defines the
modified propagator of the photon field:

(A (4)AL(82)) =800, 7191, 920, (1— @)1FTK (1115 (g1 + q2)  (26)

Similarly, from (22) for e =0 we determine the modified propagator of the
scalar particle:

(e(q)e*(g:)y=(m*+4}) '8V (q,+q.) V(giP) (27)

From equation (19) for the two-point correlation photon function we rewrite
those terms which are proportional to e’:

(A, (g)A, (g
= _29202 JJ (dpl)(dpz){[lsum - qfqmqul(l —a)]

X(A,(P)A.(@)0(q2— P+ p)e* (p)) +16.,, — G32u900,(1 — )]
(A, (p)A(q1)e(g:—pi+pr)e™(p2))}

Substituting quantities (26) and (27) for the modified propagators of the
photon and the scalar particle and also integrating over (dp,), we get

(Avl(ql)sz(qZ)(l)
=2Q%' (g, + )8, — G192, (1 - )]
X G1KA (g q0)[ 8,0, — §3920G2.,(1— )]

where
IT,.)(q) = ~2¢€%5,, J (dp) V(p*IPP)(m*+p*)™"! (28)
Further, we employ Feynman-type diagrammic rules for the stochastic

quantization scheme [for details, see Bern et al. (19874) and Dineykhan
and Namsrai (1988)] and represent the corresponding diagram in Figure
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a) b)
vwmecxN\N‘ V\/\/@\’V\N\A
c) d)

Fig. 1. Vacuum polarization diagram.

1a. Making use of the Mellin representation (13a) for V( p*I*) and integrating
over {dp}, we obtain from (28)

m2

Hﬁ,}(q) = —262(16772)_15“,, 2

—B—io _P(_f)_kl_j_fz 212v¢ e
XJ“ﬁ+im d sinwé T'(1-¢) (m*I%)5, 1=8=<2

Taking into account (14) and carrying out contour integration at the
points £ =~—1, £ =0 and keeping terms to lower order of I, we have

N)(q)=—€%8,,(87") {oI*+m[v'(0)+1In m*I*— 1]} (29)
where

o= lim o(&)/(1+¢) (30)

Now let us consider the other term in (19), which has the form

<Av,(‘I1)Auz(‘12)>
= —ng J (dpl){(zpl + ql),u[amﬁ - Q%CIW‘]M(] - a)]

X (A, (@) e( P+ q)e*(P)) + (2p1 + 45) . (8., — §585,.920,
+aqg‘I2u‘IzV2)<Au,(Q1)§0(P1+42)99*(171)) (31)

From (31) it is seen that for the description of the polarization diagram
one needs to express the correlation function of the photon or scalar particle
through high orders of e. Finding ¢(p,+4q;)¢*(p:) from (22) and (23a)
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and substituting it into (31), we get
(Avl(ql)AVz(qZ))(2)

= 'ezQ(z) J (dpl){[&,m - ‘ﬁ‘h,ﬂlv.(l —a)]

x(2p+q)2m*+pi+ (Pt 4)]! J (dp)l(pi+p:2tq1).
X <sz(‘}2)Ap(P1 +q, 'Pz)¢(P2)§°*(P1)>+ (p: +P2)»<AVZ(Q2}Av(P2_ q1)

X @(p1+ 1) ¢*(p2))]+cyclic perm (g, < qz)}
Next, taking into account (26) and (27) and integrating over (dp,),
we get
(Aul(‘h)sz( ‘h))(z)
=28"(q:+ ) QL 3. — 101441, (1~ )1TKA(g1P)
X HfZ(Ql)[avuz - q%‘lz»‘]zvz(l —a)]

where
@02 (2p+9).Qp+q). [ V(P’F) V{(p+q)P
n,w(‘?)—_e (dp) 2, .2 3 C B 2
2m+p +{(ptq) L m+p° m+(p+q)
The corresponding diagram is sketched in Figure 1b. After some simple
calculations as done above, we have the following expression for I1Z)(q):

MZ)(q)=e(167%)™" (—Fa,wa—zmzaw(u'(m +1n PPm?)

1

-314°6,.+(q.9.— 4°8,..) J dx(1 —x)z{v’(O) +1n Pm?

0

g9’ x
+ln[1+m2E(l—%x)]—ln(l—x)}) (32)
where o is given by (30).

Further, define the quantity ¢(p;+q,)e*(p,) by (22) and (23b) and
substitute it into (31). The result reads

(A, (41)A, ()
= _820212 J. (dpl){[sv‘u - ‘ﬁqm‘hul(l - a)]

X (2py+q).[2m*+pi+(py+ )] f (dp)(dp;)(dp,)(2ps+ ps),

X{(A,(p) A (@) H (P PYVO(pIPE (p— g1 — )6 (ps—p1)
+8(p—p)&°(ps—p1— 918 (p — ps — p2) +cyclic perm (¢, < ¢5)}
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Making use of (26) and carrying out integration over (dp), (dp,), and (dp;),
we get

<AV1(P1)AVZ(Q2)>(3)
= 2035"(% + ‘h)[‘sum - q%q;u-qlvl(l - a)]q%KA(Q%lz)
X Hfg(ql)[avuz— q_%qzy-qZVZ(l - a)]

where
n2)(g)=-¢’ J (dp)(2p+q).,(2p+q).[2m*+p*+(p+q)]™

X{VO(P*R)/ [m*+ (p+ @)1+ VO((p+ q)*P)/ (m*+ p?)}

The corresponding diagram is shown in Figure lc. After some simple
calculations we have finally

3q) = (167 ' [al?8,, —2m>8,, — X478, — 4.9,.)] (33)

Now we go to the next term. The expression for ¢ ( p; + g,)¢*(p,) is obtained
from (22) and (23c) after substituting their values into (31). Thus, in this
approximation we have

(Au,(‘h )sz( q2)>(4)

1
= -ezQQZI (dpl){[ém —§iq1.91.,(1— )]

X (2p+qy)[2m*+pi+(p+4,)°T1! J (dp)[(prtp2t q1).
X{A, () AP+ qi—ple(p)e™(pi)—(p2tpi),
X(A,,(g2) A, (p2—p)e(pi+a)e*(p2))]+cyclic perm (g, <> %)}

With the expressions (26) and (27) integration over (dp,) gives
(A (gD AL(@)™
=2Q38" (41 + )80 — G191,91, (1~ @) ]GTK*(qi1%)
XT10(g)[ 80, ~ §3G20,920 (1 — )]

where
‘ 1 5 2 — '
(g)= - J (dp)[2m’*+p*+(p+q)’ 1 '2p+4q).(2p+q),

x{V(p*P)/(m*+p*) = V((p+q)’P)/[m’+(p+q)°]}  (34)
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In the second term of this expression, changing the integration variable
p-p'=p—q and taking into account its integration property, it is easy to
verify that T1{)(g) is identically equal to zero, i.., the gauge-invariant
quantity IT,,(q) does not depend on the gauge-fixing parameter a.

Finally, substituting the expression (18) for A, (g;) into (31) and taking
into account (24) and (27) and after some simplifications, we get from (31)

(A, (41) A, (22)®
= 20(2)8_‘1 (ql + ‘12)[5»,”. - q?ql quly.(l - a)]
X q%“gz(q%)[aulvz - q%‘]z»ﬂzu(l - a)]

where
O (g)=e' J (dp)(2p+q),(2p+q) V(P’P)V((p+4q)*P)

x{(m*+p*)[m>+(p+q)’}}”!
and the corresponding diagram is shown in Figure 1d. A simple calculation
for TI$) gives
O$(q) = (e’/167) (20178, +4m?s,,, (v'(0) +1n m*1?) +1¢%6,,

1

+2(q25w—qpq“)J dx(1-2x)*

0
2

X [v’(0)+ln mzl_2+1n(l+% x(1 —x)) —In(1 ~x)] (35)

The sum of all terms (29) and (32)-(34) gives the full corrections due to
the diagrams shown in Figures la-1d to the vacuum polarization of the
photon field:

M,.(q)= »:;1 I1.2(q) = €*(8,.9° ~ 4.9,)T1(q°) (36)

where

(g% = J dx{[2(1 =2x)*—(1=x)*1[v"(0)+1n m*P=1n(1-x)]

1672
2

+2(1-2x)* 1n(1+%x(1 —x)) -(1-x)?

14° x 1
xInf14+= 5 x(1-2)|-=
ln[l 2m2x<1 2)] 3}

From the explicit form (36) it is easily seen that the gauge-invariant
condition for the vacuum polarization diagram is fulfilled automatically
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and the obtained expression agrees with the usual result of nonlocal quantum
electrodynamics (Efimov, 1977) and a dependence on the gauge -fixing
parameter does not appear here.

5. SELF-ENERGY DIAGRAMS FOR A SCALAR PARTICLE

Now, let us consider the self-energy diagrams of a scalar particle. In
our scheme, these diagrams are defined by the two-point correlation function
represented in (22). In the preceding section we have shown that the
dependence on the gauge-fixing parameter a does not appear in calculations
of gauge-invariant quantities such as the vacuum polarization of the photon
field. Therefore, for calculation purpose, we further take « =1 for the
modified photon propagator. On the other hand, from expressions (22) and
(24) for two- and three-point correlation functions of the scalar particle it
is seen that this dependence on « also falls out. First, from (22) we separate
terms which are proportional to e®. Taking into account (23), we get
from (22)

(e(q)e*(g:))"
= _3202 Jj (dpl)(dp2)[<Au.(P2)Ap.(ql —p1—p2)

X o(p)e* () +{AL(P)AL(q2— P —p)e(g)e*(p))]  (36)
Further, making use of (26) and (27) and integrating over (dp;), we have

(o(q)e*(g))" = —8e*Q,[ V(qilP)/(m*+q})16 (g1 — ) J dp K4(p*1)/p?

The corresponding diagram is shown in Figure 2a. Turning to the Mellin
representation (12) for K*(p°I*) and carrying out the integration over (dp)
and restricting consideration to lower orders of /, we obtain after calculations
of the contour integral

V(gi) o

(‘P(Q1)¢*(Q2)>(l)“_—5 (g — Ch)sz +q1 12

= (37)

Now, we express ¢(q,)¢*(g,) through (23d) and carry out some simple
calculations for (22). The result reads

(0(g1)0*(g2))? = -8’ Q*V(qiP) H(¢71)8% (9, — 4>)
XJ (dp)K*(p*P)p*

The corresponding diagram is sketched in Figure 2b.
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S
a) b}

T

_@,_ e T

KA{Pzez)E MRS A V(P’t’)-_—- Ko ;
HEE)s ——— , Ve
V)= ey '

Fig. 2. The self-energy diagrams of the scalar particle.
After analogous calculations as done above, we have

€ 8(qi~q) Vi) o
202 2mP+qi+qs mi4ql P

(e(g)e*(g: NP =~ (38)

From the expression (22) we see that one term proportional to e’

remains. For the calculation of this term, we take (23e) and simplify (22).
Then

(p(g)e* (g
= "§e21402 V(ZJ(qflz)H(pr) J‘ (dp)gd(ql ‘Qz)(P'*’z‘h)z
x H((p+q,)’")K*(p’P)p* -1’ I'Q, H(qi1) J (dp)

x(p+2q,)H((p+q) ' P)YVP(p+q,)P)F°K*(p* 115 (g, - q2)
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The corresponding diagram is shown in Figure 2¢. In order to present
an explicit form of this expression, we carry out some standard simple
calculations, which are reduced to the following formula:

(cp(ql)qv*(qz))(”
2 V@(qiP)
= 3 167 25 (‘h %)sz

X [ol_2+ m?[v'(0)+1n m?1*] —qu(v'(O) +In mzlz—:—;—”

1
3162

5¢ (q:— Q2)Qz 2(20'12"" +2q1) (39)

Now let us consider other terms which are proportional to e. From
expression (22) it is easily seen that there exist three such terms. One of
them is represented in (23c), which does not give a contribution to the
self-energy diagram of the scalar particle as in the case of the polarization
diagram. The other expression is given in (23b). To obtain terms proportional
to €%, A,(q,) should be expressed through the quantity represented in (18).
Then the corresponding diagram is sketched in Figure 2d, which is propor-
tional to the integral

J (dp)p.f(p’)

Therefore, it does not contribute to the self-energy diagram. Finally, we
consider the expression presented in (23a):

(e(q)9*(q2))=eQ: J‘ (dp)l(pr+ q1) . (Aulq —ple(p)e™(a.))

+(g:tp) (AL (P — @) e(q)e™(p))] (40)

From this expression it is seen that to obtain terms proportional to e” we
need to express A,(q) or ¢(p;)¢*(q,) through values of high order in e.

First, we define A, (q,— p,) through the expression given by (18) and
carry out some standard calculations from (40). The result reads

(e(q1)e* (g™
o V(giP) 5 j (P+2‘h)2 V((p+g)°1)
=-26%Q, g 8°(q1—q2) | (dp) = o (pt 4 )

The corresponding diagram is presented in Figure 2e. Next, making use
of the Mellin representation (13) for V(p?’l*) and of the Feynman
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parametrization, we obtain after integration

(e(gn)e*(g:)™
e V(giP) o _
_1677'2 (m2+q2 2 ) (ql Qz)
x{ol >+ m’[v'(0)+In m*I*—1]-243[v'(0) +In m*IP—=1]}  (41)

Now let us express ¢(p,)¢*(q,) through the quantity given by (23a)
and (23b). For this, we substitute (23a) with (40) and carry out some
elementary calculations. Thus,

<¢’(‘I1)‘P*(‘12»(5)
- V(gil) J' (p+29,)°
2 d
= — — | (d
2e°Q,8° (g1~ q2) m2+qf ( )2m2+(P+q1)2+q§
KA 2]2 _
X—;Iz)—)+2e2025d(q1—qz)

XJ' (dp) (p+2q))  K2pP) V((p+q)*P)
Poam+(pray s p°  m+(p+aq)
~ ezv(qglz) 31(‘11"42)
(m*+¢3)7° 1672
x{ol™?+2m*[v'(0)+1n m*P+1n 2]

- 322 gd(qu —qs)

87 (m’+qi)’°
x{m*[v'(0)+1n m**+2 In 2]+ q2[v'(0)
+ln m*P+1+3n 2]+ O(1?) (42)

The corresponding diagrams are shown in Figures 2f-2k. Finally, substitu-
tion (23b) into (40) and analogous simplification give the result

—qi[v'(0)+1In m*P+1n2 -

(p(g1)e*(g))®
e VO a0 [ KD
T2 (e
E%H(q ?)5%(g:~ 42)
I ——
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In the limit of the O(/?) term we have

(e(g1)e*(g:))"®

_ &8 (q—q») VP (4iP)
1672 (m*+q3})?

{m*[v'(0)+1In Pm*+21n 2]

+q* [v'(0)+In m*P+1+%1In2]}

e 5“(q1—qz)<

g
—=+ 2 _ 2 2
167 (mi ) m 2q1>+0(l) (43)

12

The corresponding diagrams are given in Figures 21-2m. Assuming that the
elementary length / is small, and momentum g is also not high, i.e., m*I°« 1
and g°/m’ <1, then the sum of expressions (37)-(39) and (41)-(43) gives
the following contribution to the two-point correlation function of a scalar
particle:

5d(‘]1‘qz)

(m2+qf)2 2(%)

(e(g1)e™(g:))=

where 2(q) gives the contribution to self-energy diagrams of the scalar
particle

5¢ o

167 I

2(g)=- (44)

where o is defined by (30).

By means of (44) it is easy to calculate the correction to the mass value
of the scalar particle:

6m2=m§—m2=—2(m2)=-££ (45)
4m |
Here a = */47 ~1/137.
Expression (45) agrees with the usual result of nonlocal scalar elec-

trodynamics (Efimov, 1977).
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